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Abstract 

In this paper we study the correspondence between the su(n)fc©su(n)p/su(n)fc+p coset conformal 
field theories and M = 2 SU{n) gauge theories on R^/Zp. Namely we check the correspondence 
between the SU{2) Nekrasov partition function on W^/X^ and the conformal blocks of the 6*3 
parafermion algebra (in S and D modules). We find that they are equal up to the ?7(l)-factor as 
it was in all cases of AGT-like relations. Studying the structure of the instanton partition function 
on M^/Zp we also find some evidence that this correspondence with arbitrary p takes place up to 
the C/(l)-factor. 
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1 Introduction 

Two years ago in the seminal paper [1] it was proposed that J\f = 2 supersymmetric 4d gauge theories 
with SU (2) gauge symmetry are related to the 2d conformal field theory. Since then it has been studied 
in a lot of papers from the side of gauge theories, conformal field theory [2H6] , matrix models [71-[T0] and 
abstract math pn[T2] . 

The works [I3l[14] proposed the connection between SU{n) gauge theories on M.'^/Zp and coset 
conformal field theories based on the coset su(n)fc © su{n)p/su{n)k+p, where p is a positive integer and 
k is a free parameter. The first non-trivial checks for this relation for p = 2 were made in P^HTT] and 
for p = 4 in the recent paper by N.Wyllard [18]. The explicit calculations for the case {n,p) = (2,4) 
were done there in some particular modules and Whittaker limit. 

In our paper we proceed with the study of the case {n,p) = (2,4). Namely, we propose the explicit 
equality between particular Nekrasov instanton partition function on R^/Z4 and S3 parafermion four- 
point conformal blocks in the so called S and D modules [19J. We have checked the correspondence for 
the first four levels. We show that this equality holds up to the so called [/(l)-factor, which is the same 
as in all SU (2) AGT-like relations. It can be schematically represented as 

-2^instanton (2^) (1 2^) J~ :;onformal block(2^) ; 

where A depends on parameters of conformal block (or instanton partition function). Then in the end 
of the paper we argue, based on explicit evaluation of the instanton partition function on M^/Zp for 
p = 2,..., 7, that such a relation holds for all p. We think that these general relations can be useful 
for obtaining the answers for the conformal blocks in the parafermion theories using the gauge theory 
calculations. 

The paper is organized as follows. Section 2 is devoted to the instanton counting on the space 
W^/Zp. In Section 3 we calculate the Nekrasov partition function on M4/Z4. In Section 4 we remind 
some facts about the extended symmetry algebra oi p = 4 parafermions and derive the expressions 
for the conformal blocks of this algebra. In Section 5 we relate instanton partition function to the 
parafermion conformal blocks. This relation is the main result of our paper. In Appendices A and 
B we derive the commutation relations for the vertex operators in S and D modules respectively. In 
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Appendices C and D we write out the Gram/Shapovalov matrices and matrix elements for the levels 
7/4 and 2 respectively. 



2 Instanton counting on R^/Z^ 

In this section we briefly review the counting of the instanton partition function for A/" = 2 SU (n) 

First we describe the case of the pure Af = 2 SU (n) gauge theory and 



gauge theory on M /Zp 
then propose more general formulas. 

The instanton partition function for the pure M = 2 SU (n) gauge theory on reads [22] 



\Y\=k 



(2.1] 



where the sum is over all sets of n Young diagrams Y = {Yi, k = \Y\ is the total number of 

boxes in y, P = (Pi, P„) is the vev of the adjoint scalar, s denotes a box in the Young diagram Yi, 
and 



Ey,w{P\s) = P - lw{s)b-^ + {avis) + 1)6, 



(2.2) 



where ay(s) and /y(s) is the arm and the leg length respectively, i.e. the number of boxes in Y to the 
right and below the box s eY, see the flgure [H 
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Figure 1: The leg /y(s) and the arm ay(s) of the Young diagrams. 

In order to compare the answers from both gauge and conformal fleld theories and for further conve- 
nience we have already passed from the deformation parameters ei, €2 [23l|2l] to the parameter b, which 
parameterize the central charge c in conformal fleld theory: 

ei = b-\ €2 = b (2.3) 

and Q = ei + €2 = b + b~^. 

In the case of instantons on M^/Zp, we have the similar structure of the partition function, but with 
some differences, which we are going to describe now. One ascribes a Zp charge g^, i = 1, ...,n to each 
Young diagram Yi, where qi can take values 0, 1, ...,p — 1. We denote this as Y^'' . It is convenient to 
color the Young diagrams in p colors as follows: the box with coordinates of the Young diagram 
y has r = q + i — j mod p color, see for example the flgure O 
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Figure 2: The colored Young diagram Y = {5, 3, 2, 1} with the charge q = 2 and for the case of p = 4. 

Then we introduce two p-dimensional vectors {rir} and {kr}, where r = 0,l,...,p — 1. The integer 
Hr is the number of Young diagrams with the charge q = r and kr is the number of boxes with color r 
in all Young diagrams {Yi^ , Y^"). Thus J2r^r = n and kr = k. 

Vectors {rir} and {kr} are related with topological characteristics of instantons: 

p-i 

Ci{E) = J^i^r - 2kr + kr+1 + fc^_i)ci(T,), (2.4) 

r=0 

where Ci{E) is the first Chern class of gauge bundle E and Ci(Tr) is the first Chern class of vector bundle 
Tr on ALE space. The first Chern class Ci{Tr) of the bundles, r 7^ (ci(To) = 0), forms a basis of 
the second cohomology group. In this paper we only consider the case Ci{E) = 0. Therefore we obtain 
the equations 

= rir — 2kr + kr+i + kr-i, for r = l,...,p— 1. (2.5) 
For simplicity we make the shiftQ kr = ko + 6kr, then we have for 5kr 

5kr = '^^Crini, where Cri = min(r, /) . (2.6) 

1=1 ^ 

Below we will consider only the case of n = 2. It is clear that rir and kr are integers. Due to this 
constraints there are following variants of vector {rir}: the first variant: Uq = 2, rir = 0,r > 0; the 
second: rir = ^p^r = 1 for r = 1, [|J ; and the third np/2 = 2 in case of p even. Therefore for the first 
few values of p we have the following series: 
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(2.7) 



^One should notice that Skr is the difference between the number of boxes with the color r and with the color in all 
Young diagrams. 
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We use the vector symbol P to stand for pairs P = (P, —P) and P' = (P', —P') and also Yi = (¥^^,¥2'^) 
and = W2^). Now we can define the contribution of the bifundamental multiplet for SU{2) 

gauge theory on R^/Zp {p = 1 case see for instance in jlj): 

2 

zl^ka\P',W\P,Y<i)=l[ II [Q - Ey^,w,{P^ - P;\s) - a) J] - P.l^) - «), (2-8) 

where 

Ey,w{P\s) = P- lw{s)h-^ + (ay(s) + 1)6 
and the product is over s G and t G W^^ is restricted to the set that includes all s, t which satisfy 

s G Y^'^ : (s) + ay,(s) + 1 = Uj - qi mod p, 

t G W^'^ : Zy^ (t) + aw, {t) + l = qi~ Uj mod p, (2.9) 

(here we also have passed from gauge theory notations to the conformal theory ones, and denote the 
hypermultiplet mass by a.) The partition function for the theory with two fundamental and two anti- 
fundamental matter hypermultiplets, which one should compare with the four-point conformal blocks, 
reads 

^•^'W.a.a.. Al/'k) = E ^w'"-!^-. «°)-f ■ >:)^SMA y\ A, (0°. 0°)) . 



z(g(o|p,r^p,y'') 



where the sum goes over all the pairs of Young diagrams {1^^} from the special series, which satisfy to 
the relation fl2.5p . 

In the next section we perform explicit calculations of the partition function ( I2.10p in case of p = 4. 
As we can see from the table (12.71) there are three series in this case. The first ik = k,. = \Yi\ = 4fco) 
and the third {k = Ako + 4) series make the contribution to the integer powers of parameter z, whereas 
the second series {k = Ak^ + 3) gives z^°^'^/'^. Thus one can rewrite ( ]2.10p for p = 4 as 

3 

Z(^)(Pi,ai,a2,P2|Pk) = 5^2(^'"^™^)(^i,«i,«2,P2|Pk), (2.11) 

i=l 

where 

7(4.-es).p ^ ^ pip, ^ ^bS(«ii-Pi^ (0°^ 0°)^ y')z^lMP. P2, (0°, 0°)) 

^ l-* 1) '^1 5 Q^2; -'2 1-* 1^ j — / ~ — =; — ~ — ~ ■ z p ^ 

{yf}Giseries ^bif (0|^' 

(2.12) 

where i = 1, 2, 3. We can also rewrite it as 

00 00 00 

Z(^)(Pi, ai, a2, P2\P\z) = J2 + J2 + J2 (2.13) 

fco=0 A:o=0 fco=0 

We check that each of these series coincide with the particular type of conformal blocks of ^s-parafermion 
algebra up to the f/(l)-factor which is equal to (l — z)^"^, where = |ai((5 — 02) in case of p = 4. As we 
will argue in Section 6 in the case of arbitrary p it should has the same structure with Ap = ^ai{Q — 02) ■ 



3 Instanton contributions corresponding to the S and D 
modules of the parafermion algebra 

In this section we make the exphcit calculations of the partition function Z^\Pi, ai, a2, P2\P\z) for 
the case of p = 4 up to the level z^, therefore we need to consider all Young diagrams which contribute 
to the partition function at the levels z^^^, z, z'^l^ and z^ . For simplicity of the answers we will use the 
notations from the conformal field theory side, such as 



4^ 4 



A. 



2 + 



Q = h + h- 



(3.i: 



• The pairs of the Young diagrams which contribute to the partition function at the level z'^/^ are 
({3}, {0}), ({2}, {!}), ({!}, {1, 1}), ({0}, {1, 1, 1}), which are from the second series with the charges 
gi = 1, 52 = 3. They are explicitly shown in the figure |3l 



(EEa,0) (Em,m) (0,1) 



Figure 3: The Young diagrams from the 2nd series at the level z^^^. 
Using the formulas (12.121) and fl2.8p for p = 4 we have 

o'(4, 2nd series) 4 ('3 0\ 

~ (Q + 26-i-2P)(g + 26 + 2P)' ^ ' ' 

Notice that there is no symmetry between the pairs of the Young diagrams (^i'^ ^ 0^2^ i ^i^) 

to the presence of different charges: qi ^ q2, thus 2^(4,2nd series) ^p^^ P2\P\z) doesn't obey P — )■ —P 

symmetry. In other words, the following general identity holds 

^(p. series) (p^^ «1, ^2, P2\P\z) = Z(^;™)(Pi, «!, ^2, P2I - P\z) (3.3) 

where qi and q2 are the charges of the Young diagrams of i series. This structure has the clear meaning 
from the conformal field theory (CFT) point of view. 

• The pairs of the Young diagrams which contribute to the partition function at the level z are divided 
into the first and the third series. For the first series we have the following pairs of the Young diagrams: 
({4},{0}), ({3,1},{0}), ({2,1,1},{0}), ({1,1,1,1},{0}), ({0},{4}), ({0},{3,1}), ({0},{2,1,1}), 
({0},{1,1,1,1}) with the charges qi = q2 = 0- They are explicitly shown in the figure |H 
And we have for ^(^'i'^*'^''"^'^) following answer 

.-.(4,1st series) ( Ap — Ap + ) ( Ap — Ap + Aq, ) 1 n 

Zi -ai(Q-a2)- (3.4) 

(we also imply that _ \^ ^^^^ there is only one pair of the Young diagrams ({0°}, {0''}) 

for this case). The pairs of the Young diagrams for the third series are ({2,2},{0}), ({2}, {1,1}), 
({2, 1}, {1}), ({0}, {2, 2}), ({1}, {2, 1}), ({1, 1}, {2}), with the charges gi = g2 = 2. These diagrams are 
shown in the figure [5l 
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Figure 4: The Young diagrams from the 1st series for the level z. 
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Figure 5: The Young diagrams from the 3rd series for the level z. 
Then one can obtain 



(4,3rd series) 



128Ap(Ap + f-i)' 



(3.5) 



• There are 32 pairs of the Young diagrams which contribute to the partition function at the level z'^l'^. 
The first few such diagrams are shown in the figure [61 
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Figure 6: The Young diagrams from the 2nd series for the level z'l^. 

The answer for ^^^^^^nd sencs) cumbersome and we don't show it in this paper explicitly. 

• For the level z^ the 1st series and the 3rd series give contribution. There are 56 pairs of the Young 

diagrams from the 1st series and 48 pairs of the Young diagrams from the 3rd series on this level. The 

1. £ /-7 (4, 1st series) i p ^(4, 3rd series) , , i i ^ • 

explicit answers for Z,^ and for £2 ^^so omitted due to their enormous sizes. 



4 Conformal blocks of the S'^ parafermion algebra 

4.1 The extended symmetry algebra of = 4 parafermions 

It is known that the extended symmetry algebra of the so called 6*3 parafermions is the spin 4/3 
algebra. One can find a detailed discussion of this algebra in [T9||25]. Here we point out only the aspects 
relevant for our discussion. First we write down the Operator Product Expansions (OPEs) of the stress 
tensor of this algebra T{z) and the fractional spin 4/3 currents G^{z) 
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nz)T{w) = + —^T{w) + ^dnw) + ■ ■ ■ , (4.1) 

2[z — w)* [z — wy z — w 

nz)GHw) = ^(J^G^(^) + J^9GHw) + ■ ■ ■ , (4.2) 

G^iz)G^iw) = . G^iw) + dG^iw) + ■■■, (4.3) 

[z — w) 3 [Z — W)3 

3r 1 

G^{z)G^{w) = + -^Tiw) + • ■ ■ , (4.4) 

Siz — w)3 (z — w)-i 



where 



c = 2 + ^Q\ A± = ±^^, Q = b + b-' (4.5) 

and dots stand for non-singular terms. The so called Zs-charge is associated to each field in the above 
algebra. One ascribes the Za-charge g = to the stress tensor T{z) and the Zs-charges q = ±1 to the 
fractional currents (j^(z). 

The next important thing to point out is the moding of the fractional currents. These modes can 
be determined only acting on the state Xq{^) with the appropriate Zs-charge q 

Gti^xM = ^/^iGHz)xM, (4.6) 

where 7 is a contour encircling the origin and G Z. From the formula (14. 6 p one can extract the rule 
that says which modes of G^ can act on the state with the Za-charge q: 

G± |g), keZ, g = 0,±l. (4.7) 

The commutation relations for T{z) and G^{z) modes can be easily obtained from the corresponding 
OPEs dH]) and (S2D 

Ln] = (m - n)L^+n + — (m^ - m) 5m+nfl, (4.8) 
[Lm.Gf] = (^-r)G^+„ (4.9) 

where m,n G li and r = k + with k G 1j and q the Za-charge of the state on which the corresponding 
Gf acts. It appears that due to the fact that the OPEs (14.31) and (14. 4p of the fractional spin algebra 
contain the fractional powers, it is not possible to obtain the ordinary commutation relations but it is 
possible to write down the so called generalized commutation relations 

y Gl'' { G+ ,G+ , - Gt^ ,Gt+, ,']\q) = —{n- m)Gt+2, \q) , 

k=0 



E ^r^^ {GZ.,n-.G^^^_, - GZ.,^.,Gt ) \q) = -(. - m)Gt ^^^^ \q) , (4.10) 

k=0 

1 — n ' ^ / 
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where m,n & X and 



c^r=(-i)M n=4T^n(--^+i)- (4-11) 
^ ^ ' 1=1 

The structure of the highest weight states in this algebra is the following. There are three different 
modules denoted by S,D and R. The highest weight states in these modules are annihilated by the 
generators Lm and Gf with r, m > 0. The i?-module is not relevant to our discussion. We denote the 
primary states as 

(4.12) 

where a is the Liouville parameter of the state and q is the Zs-charge of the state. The conjugated 
state is denoted by {a]q\. Then in these notations the highest weight state in the S'-module is |a;0). 
In the D-module there are two highest weight states, i.e the highest weight state is double degenerate, 
and they are denoted by |a; ±1). The conformal dimensions of these highest weight states are 

Ai^) = \a{Q-a), = 1« (g - «) + 1. (4.13) 

We use the following convention for the highest weight states in the D-module 



G± \a- ±1) = A± \a- Tl) , = - A^'^ ■ (4.14) 

The basis of states in each module can be chosen in the following form 

U V 

\[G%^\[L^^^\a-q). (4.15) 

The level of the state is defined as / = /q + <^ with Iq = XlLi + Si=i '^i where 5 = for the 
S'-module and S = ^2 -D-module. Note that in these definitions the level of the highest weight 

state in the D-module is ^ and its dimension is A^*^^ = A^^ -|- ^, which means that we count the level 
of the state off the level of the highest weight state in the S'-module. Taking into account the rule ( 14. 7p 
for acting on the states one can show that the possible values of the levels in the S'-module are / e Z^q 
and / G Z^o + 1- The same in the D-module are / G Z^o + ^ and / G Z^o + |- The hermitian conjugated 
generators are: {LnY = L_n, {Gf^ = —G^^. 



4.2 Conformal blocks 

To calculate the coefficients of the parafermionic conformal blocks we evaluate the four-point cor- 
relation function of the highest weight states in the S'-module. We denote the vertex operator of this 
highest weight state as Wa\z). Then the object of our interest is 

{m,-mS{l)WS{z)\m,;Q) {^{W^S^)WS{l)Wi^^{z)W^^lm ). (4.16) 

Here we already use the notations of the Liouville parameters like in the gauge theory to match the 
conformal block to the partition function. The connection of the parameters a, mi and m2 with the 
gauge theory parameter is 

Q Q Q . . 

a = 5 + P, mi = -J + Pi, m2 = 5 + P2. (4.17) 
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We evaluate this correlation function by inserting the complete set of states at each level 

h = J2\t),x{K-\l)),,Xi{jl (4.18) 

where |2)/, ...} is the set of the descendants of primary fields at the level / and K~^{1) is the inverse 
Gram/Shapovalov matrix at the level / {{Ka{l))ij = We notice that descedants states at each 

level depend on Liouville parameter a as well as the Gram/Shapovalov matrix. The corresponding 
conformal block is represented as the series in the fractional powers I G 'Zj^q, I G ~^ ^ ^ ^3=0 ~l~ 4 
and / G Zj>o + | of But as we already know from the gauge theory partition function fl2.13p that 
it doesn't contain the powers of the expansion parameter / G Z^q + ^ and / G Z^q + |- Then we 
make a conclusion that to match the gauge theory result we must only consider the contributions to 
the correlation function (14.161) arising from the introduction of the complete sets (I4.18P of states at the 
levels / G Z^o and / G Z^o + |- As we will see further there are two types of conformal blocks on the 
levels / G Z^q: 

5^ $^(mi;0|W^(^)(l)K), X {K-\l))^^ x ,{j\Wil\z)\m,;0) = 

1=0,1,2,... i,j 

= Cli,.iC^l^ X ^«(AS, AW, a2, |AW|^)+ 

where 



c;?;„a, = K;0|H^(:)(i)l«;0), (4.20) 

C';^.,.. = K;0|H^i?(l)|«;0) (4.21) 
are the structure constants and Wa'' [z] is the vertex operator corresponding to the state 

= (g\G-_i - G-_,G\) |a;0) (4.22) 

V 3 3 3 3 / 

is the descendant that is also a Virasoro primary state. We see that there are two types of conformal 
blocks due to the fact that there are two different types of structure constants: one for the field Wa^ {z) 
and the other for the field Wa\z) and these structure constants cannot be expressed through each 
other. We denote the conformal blocks corresponding to W and W as J-"*-^-* and J-"*-^-* respectively. Note 
that the expansion in the second conformal block starts from the first power of z. 
The same thing can be performed at the levels / G Z^jq + | 

Y.^rn,-m^^{m, x {K-\1))^^ X KjWi?WI^2;0) = 

= CS,:.CWr X z^-'^l-^^ -^^^HaS, A£), aW, A^^) |P|.)+ 
+ ^^m}%Pa,lT X ^^^^'-^--^--F(2HAS,AW,Ag,AW| -P|^ (4.23) 

where is the set of the descendants in the D-module at the level /, (/) is the inverse 

Gram/Shapovalov matrix at the level / and 
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CS,:, = {m,;0\V^f+{l)\a; -1> ± (rm; |y ^-(1) | a; 1> , (4.24) 
where Va^^'^lz) are the vertex operators corresponding to the states 

|K(^)±) = GMa;0), (4.25) 

3 

which are the first fractional descendants of the state \a; 0). Note that the expansion of the conformal 
block J-"*^^) starts from z^. Another important thing one should notice about the conformal block J-"*^^^ 
is that it is not symmetric under the fiip of the sign of P in the parameter a = ^ + P. That's why we 
write P instead of A^^ in the formula fl4.23p . 

With the notations (14. 20 p . (I4.2ip and (I4.24p we can briefiy summarize the statements (I4.19P and 

X (K-i(/)),, X K.|H^iJ(^)l^2;0) = 

1=0,1,2, i,j 

_ aL"'-AL"^-A$;^^ /^a .(^"12 X. Tr{l)(/\{s) a(s) a(s) I a(s)|^N I 

+Cl,,^, ■ X J-(^)(AS, A£U£, AKl^i^^k)) ' (4-26) 

+00 

4 ' 4 4 ' 

= (cs,:, • c^r X -^^^Has, AS, a2, A(:) |p|.)+ 

■ X ^^'HA^, AS, Ag, I - P\z)) . (4.27) 

And for the sake of convenience we admit the following notations for the coefficients in the conformal 
block expansions 

^w(Aa, AS, Ag, Atimz) = 1 + + 4'^^ +..., 

^(^)(AW , Ag, Ag, Atl\P\z) = J=fzi + :Ffzl + . . . , (4.28) 
•^^^nAS,AS,Ag,AW|Ag|.) =>z + ^iV + ... . 

The above discussion drives us to the conclusion that two key ingredients we need to calculate are 
the inverse Gram/Shapovalov matrix at the particular level and the matrix elements of the states at 
the particular level 

{rm-mSimu KjWi?(^)l^2;0), (4.29) 

where is a state at the level /. To evaluate these matrix elements we must derive the commutation 
relations for the vertex operators. 

The derivation of the commutation relations for Wa\z) and Wa\z) is presented in the Appendix 
lAl Here we just cite the result 
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Wi'\z)] = z^dWi'\z) + (m + l)Ai^)W^i^)(^), (4.30) 
[Gf,Wi^\z)]=z^^W!f^^{z), (4.31) 

Vjf^^{z)] = z-9V;W±(z) + (m + 1) (^A(;) + V;W±(^), (4.32) 

J2cr' (^'G't,_.i^i^^^(^) + ^-'-^v;w^(^)G±_,,) = 

1=0 ^ 

= z^-i + AL^)M^«(^) + ^'-^^ (^ldWi^\z) ± lyW(z)) . (4.33) 

Also we derived the commutation relations in the Z)-module in the Appendix |Bl These relations may 
be useful for those who want to calculate the matrix elements of the D-module fields. Here we again 
cite only the result 



[Lm, Kf'^^^H^)] = z"'dV^'''>^^\z) + (m + 1) ( A^,'^) + I ) V^^^^^\z) 



[L^, Wi^^^iz)] = z'^dWi'^^^iz) + (m + l)AWiy W±(^)^ 

2^ 

J2ci-^' (.'Gt,_.H^i^)^(.) - .-'-iw^i^)^(.)G^,,) = 

1=0 ^ 

= z'-i (r + i") K^Wi^^^{z) + /'^^aiyi'^)T(z) + lyWT(^) 

1=0 ^ 

[G^ , Vl'^Hz)] =f-l {r + (aW + ^ + A^A^) iy(^)±(.) + 

+ z^^\^^^^^^^^^^dWi'^^{z) - f A± - ^A^) W^~^\z\ 
3Ar V 2 7 

[G^, Vl^^-[z)\ =^-l {r + (aW + ^ - A±A^) iy('^)^(z)T 

+ -\^\wi^^^{z), 



,,Ar + ^-A±AT 

=F -2 3 



3Ai') 

where vi'^'"'^'*(2;) and wjf'^{z) are the vertex operators corresponding respectively to the states 

3 3 
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4.2.1 Level 3/4 

The basis of states at this level can be chosen in the following way 



11) 3/4 

12) 3/4 



■1) 



(4.34) 



G_2 \a; 1) 



We must evaluate the following quantity 



-^^ - A 

24 ^ 



id) 



J](m,;0|iy(f(l)K)3/4x(ir-i(3/4)) 

ij X 3/4 



The calculation of the corresponding Gram/Shapovalov matrix gives 

Ka (3/4) 

It is easy to find the inverse Gram/Shapovalov matrix 
(3/4) = 



(4.35) 



Aid) ^ 



24 



Aid) 



A 



id) 



(4.36) 



2b(l+fc(2a+fe(4+b^+2ba-2a^))) 
" {b+a){2+b'^ -ba){l+2b'^ -ba)il+ba) 

2b\l-b'^\\l+b^-2ba\ 

' {b+a)(2+b'^-ba){l+2b'^-ba)(l+ba) 



2b\l-b'^\\l+b^-2ba\ 



{b+a)(2+b'^ -ba){l+2b'^ -ba){l+ba) 

2fc(l+fc(2a+fe(4+b^+26a-2a^))) 
{b+a){2+b'^-ba)il+2b'^-ba)il+ba) 



(4.37) 



Using the commutation relations f l4.3ip we have 



(mi; o|iy«,(i)|i)3/4 = - (cw,:, + cy,:j , 

(mi; 0|l^„,(l)|2)3/4 = - (CW,:, - C^,:,) , 



(4.38) 



3/4(11 W^«2(^)l"^2;0) = -z' 
s/,{2\W^^iz)\m2;0) = -z 



a(s)_ a(s)__ A 



^(s) ,3 

{») , 3 



/(p(+)m2 I (p(-)m2\ 
V^o,a2 ^ ^«,02 / ' 

+)r?i2 _ (p(-)m2'\ 
^,^2 a, 02 / * 



Note that there are modules in the non-diagonal matrix elements in the Gram/Shapovalov matrix. 
To evaluate the contributions to the conformal block we must choose the sign of these modules. It 
appears that to match the gauge theory result (13.21) we should choose the following sign |1 — |1 + 6^ — 
2ba\ = (6^ — l)(26a — 1 — 6^) = 2b{P — 1)P. Substituting the matrix elements fl4.38p and the inverse 
Gram/Shapovalov matrix (I4.37P into fl4.35p after some simple algebra one has the contribution to the 
conformal block J^^^\a'^\ , A^al A^l A';^1\P\z) 

r(2) _ 8^ _ 



32 



3/4 



{b + a){2 + b^- ba) (g + 26 + P){Q + 2b~^ - P) 



One should also notice that the terms proportional to Cmi'',oi 



■.(-)m.2 



or r^"^" ■ C 



OL2 



(+)m2 



(4.39) 



does not 



appear in the final result when we calculate (I4.35p . This result is in the accordance with the formula 

dOSD- 

The interesting fact is that we can also match the result in case of the different choice of the sign 
of the non-diagonal elements of the inverse Gram/Shapovalov matrix. If we choose the opposite sign 
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|1 - + 62 _ 25ct| = -(62 _ i)(26a - 1 - fe^) = -26(6^ - 1)P, we obtain the result flT39|l with P 
replaced by —P. Then if we simultaneously exchange the Z4-charges gi = 1 and ^2 = 3 associated to 
the Young diagrams in the 2nd series in the gauge theory fl3.2p . our results will again coincide. Or, 
equivalently, given the particular choice of the sign in the Gram/ S hap ovalov matrix the conformal block 
^(2)(a(^), Ait Ail A^^^IPI^) multiplied by C^i ■ 

corresponds to one choice of the charges of 
the Young diagrams (^f ,^2'') and the J^^^) ( a^^^ , A^^ A^l A^'i | - P\z) multiplied by C^T^ai ■ cti^ 
corresponds to the Young diagrams with exchanged Z4-charges (¥^'^,¥2^). 

So, briefly, the exchange of the Z4-charges of the Young diagrams in the gauge theory corresponds 
to the flip of the signs in the matrix elements with modules of the inverse Gram/Shapovalov matrix at 
the levels / G Z^q + | on the CFT side. The same situation occurs at the level 7/4. 

4.2.2 Level 1 

The basis of states at this level can be chosen in the following way 



= Gl.G+i |a;0) , (4.40) 

3 3 

\2)^ = G\G-_,\a;0) . 



We must evaluate the following quantity 



2 

J2{muO\Wi[\m^ X {K-\l)),, X ,{j\Wj^Xz)\m,;0). (4.41) 



The Gram/Shapovalov matrix at this level is 



_ , 2Ai^) + f + l _(2Ai^) + f-2^ , 
K^(l) = ^ / , ^ X ^ , , M • (4-42) 

^ ^ 3 ^ -(2Ai^) + |-2) 2AW + I + 1 ' ^ ^ 



The inverse Gram/Shapovalov matrix is 



K-\l) = I 2aL'=)(8AL=)+c-2) 2A('='(8AL=)+c-2) | _ (4^43) 
2AL'\8AL'''+c-2) 2AL''^(8AL''+c-2) 

After that we are ready to proceed with the calculation of matrix elements using the commutation 
relations fICTD and Km 

(mi; 0\W^,m), = \ (A(;) + Ag - A^) x C^^^^^^ - C'^^^^^, {AAA) 



(AS + Ag - AS) X C-^ - (7-^) 
,{2\WUz)\m,- 0) = z^-^-"^^^' X Q (aW + Ag - A^) x C-^ + 



2 

i(l|iy,,(z)|m2;0) = ^a(='-a(=,'-a(;:)+i ^ 



m2 
02 
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Substituting the matrix elements fl4.44p and the inverse Gram/Shapovalov matrix (14.431) into (14.411) and 
making again some algebra we obtain the expressions for the coefficients of the conformal blocks at the 
level 1: 



1) (Aq + Aq-i - Amij(Aa +Aa2-Am2j r a Ar\ 

^ ' ^'-''^ 

J-f ) = ^ ^. (4.46) 

Note that there are no contributions proportional to ■ C*^^^ C*mi cn ' Ga'a2- These contributions 

disappear from the answer due to the symmetry of the inverse Gram/Shapovalov matrix. Note that the 
result is in agreement with the formula (I4.26p . 

4.2.3 Level 7/4 

Because the expressions for the conformal blocks at the level 7/4 are very cumbersome, here we just 
write the basis of states at the level 7/4 

|l)7/4 = G+3 |a;-l), (4.47) 
|2)7/4 = |a; 1) 



3 



|3)7/4 = -^-i"^-! 1"^; ~i) ' 

\4:)7/4 = L_iG-, \a;l). 

3 

We must evaluate the following quantity 

4 

^(mi;0|iyW(l)|z)7/4 X {K-\7m, x y,{j\W^X^)\^2;0) . (4.48) 

One can find the expression for the Gram/Shapovalov matrix and matrix elements in the Appendix 
[Cl Using the Gram/Shapovalov matrix and the matrix elements from the Appendix [Cl one can easily 
obtain the expression for the conformal block. Note that there are also no contributions proportional 

to ^C?7i2 -di ^^CK,ci2 ^C?Tii -Cti ^^Ck:,ci2 tills IgVgI. 

4.2.4 Level 2 

The basis of states at this level can be chosen in the following way 

(4.49) 



11)2 


= 


2(^+1 a; 
3 3 


0), 


12)2 


= L_iG^ 


3 3 


0), 


13)2 




^ |tt;0), 

3 




14)2 


= G+sG^ 

3 


'1 1"; 0) , 

3 




15)2 


= L_2 \a: 


iO). 
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We must evaluate the following quantity 

5 

J2{mi;0\Wil\l)\zh X {K-\2)),, X ^OWiJ Wlm^; 0). (4.50) 

One can find the expression for the Gram/Shapovalov matrix and and matrix elements in the Appendix 
Id! Using the Gram/Shapovalov matrix and the matrix elements from the Appendix [D] one can easily 
obtain the expression for the conformal block. Note that at the level 2 the contributions with ^.^ 'Ca,a2 
oi' ^mi,ai ■ Ca,a2 disappear again. 

5 Comparing the conformal blocks in the S and D modules 
of the 5*3 parafermion algebra with the instanton partition 
function on M^/Zp 

Recalling that in our notations Ap- = Am- for i = 1, 2 because = ^ + Pj and using the equations 
for the conformal block contribution and the partition function, we find, comparing the formulae (13. 2p 
and fOg]) . that at the level 3/4: 

^(4,2nd series) _ _1 T-(2) /p- , x 

^3/4 ~ 8^/*^' 

Comparing the formulas (13. 4p . (13. 5p with (I4.45p . (I4.46P we have at the level 1: 

^(4,lstseries)^_^(l)_^^^ (5.2) 
^(4,3rd series) 1 ttCS) ('c; 



At the level 7/4: 



At the level 2: 



^(4,2naseries) ^ _ i ^^(2) _ ^^^(2)^) _ ^5 



^(4,lst series) ^ ^(1) _ ^^^(1) ^ ^^^^^ _ (5,5) 
r(4,3rd series) _ 1 f -ci'i) a -r-i3) 



where is 



^^4,.ra series; _ ^ j,,,, _ ^^j,,,) ^ ^^ g^ 

64 



^4 = ^ai(Q-a2). (5.7) 



These checks at the particular levels lead us to the natural proposition 

^('•'^*™nA,«i,«2,P2|Pk) = (l-;2)^^-F«(Ap,,A„„A„„ApJAp|^), (5.8) 

2(4,2„dseries)^p^^ «1, «2, ^2!^^) = "^(^ " ^)''^-^^'^ ( Ap, , A,„ A„„ Ap, | P | ;2) , (5.9) 

^('''■"'™HPi,ai,a2,P2|Pk) = ^(l-^)^^^('^(Ap,,A,,,A„„Ap,|Ap|^). (5.10) 
The formulas (15. 8p . (15. 9p and (I5.10p are the main result of our paper. 
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6 Concluding remarks and open problems 



This paper established the exphcit view of relation between SU{2) Nekrasov instanton partition 
function on M-^/Z^ and four-point conformal blocks in S and D modules of the parafermion algebra. 
This relation can be schematically written as 2mstanton(-2) = (1 ~ -z)"^" -^conformal biockl^;). 

One can notice that the four-point coset conformal blocks depend on the dimensions of the primary 
fields in the correlation function and the parameter P, which denotes the intermediate parameter in 
the conformal block. As usual one parameterizes the conformal dimensions as Aj by the momenta Pi as 
Aj = — P^). Therefore the coset conformal blocks are the functions of the parameters P^ and P, so 
-^conformal block = /(-Pf) On the othcr hand the instanton partition function on M^/Zp is a function 

of parameters Pi, P. We made the explicit checks for the cases of p = 2, 7 that the combination 

(1 - ^)-^-Zil,,ton(^., m = ^{Pl P\Z). 

where is some function, which depends on Pf, not on Thus, one can assume that the relation 

^instanton ( -Pi' P\z) = ~ z)^'^ :;onformal block(Ai, P\z) 

holds for all p {Ap = + P2)(Q/2 - P3)). 

In this paper we use the particular series in the gauge theory (ci (P) = 0) and the particular modules 
{S and D ) in the conformal field theory. As it was recently shown in the work [26], one can assume 
that for the coincidence in other modules of CFT we should consider other series of the Young diagrams 
in the gauge theory. 

Also it should be mentioned that there is another formula for the instanton partition function on 
M^/Zp [T7 tl27T - [29] . It can be schematically viewed as 

instanton ''lactor "^instanton instanton "' instanton' 



where /factor is the so called blow-up factor. This structure has a very clear explanation from the CFT 
point view [301 [31]. Factor /factor arises from the matrix elements of highest weight vectors of p pairs 
of commuting Virasoro algebras, which are constructed from another algebras. The construction of two 
commuting Virasoro algebras using the NSR algebra and free fermion field was proposed in [321133] . Also, 
relations between parafermion Liouville structure constant [MII35] and Liouville structure constants 

f^ip) ^ M^) X r^^^ X X r^^'> 

Parafermionic Liouville Liouville Liouville "' Liouville 



in principle can be checked using the relations between T-functions [31] . 

Acknowledgments 

We thank Alexey Litvinov, Alexander Belavin, Mikhail Bershtein and Rubik Poghossian for very 
useful discussions. 

Moral support by San'kin M. was extremely important for G. T., particularly while staying in the 
hospital with broken leg. 

The work M.A. and G.T. was supported by 2011 Dynasty foundation grant. Also the work of G.T. 
was held within the framework of the Federal programs "Scientific and Scientific-Pedagogical Personnel 
of Innovational Russia" on 2009-2013 (state contracts No. P1339 and No. 02.740.11.5165) and was 
supported by cooperative CNRS-RFBR grant PICS-09-02-93064 and by Russian Ministry of Science 
and Technology under the Scientific Schools grant 6501.2010.2. 



17 



Appendix A. Commutation relations in the -S-module 

Let Wa\z) be the highest weight state in the S'-module, and = G'^^^^Wa\z) be its first 

fractional descendants. In the work one can find the OPEs for the operators T[z) and G^{z) with 
the vertex operators in the S-module 

T{u)Wi^\z) = T;^Wi^\z) + -^dWi^\z) + ■ ■ ■ , (A.l) 
T{u)Vjf^Hz) = ^I^K^^^^(^) + 7;^9V^^^{z) + ■ ■ • , (A.2) 

I LL Aj j Hi /Cj 

G^{u)W^\z) = ^Kf^^^(^) + ■ ■ • , (A.3) 

2{u-z)3 {u - z)3 \3A)^' + 1 J 

GHuW^'^^^iz) = -^^Wi^\z) + (l:dW!f\z) ± W!f\z)) ■ ■ • , (A.5) 



{U — Z) 3 " ' ' (^y _ ~;~) 3 



where the vertex operators Wa\z) and ^'^'^^^(2;) correspond to the states 



2 



= (g\GZ. - G-.G+A iPVi^)), (A.6) 

V 3 3 33/ 

= G^JfW^) - ^£p[L^M'^^)- (A.7) 

Then due to the fact that the OPEs flA.ip . flA.2p and flA.Sp contain only integer powers it is easy to 
evaluate the corresponding commutation relations 

[L^,Wt\^)] = j^^u-^'nu)Wi^\z) = f ^^"^'((^^W^i^^(^) + ^^^-^H^) + ■■■) = 

= z'^dWjf\z) + (m + 1)A^^^ W!f\z), (A.8) 

^ [ V<-.-(.) ^ [ ^_u"» (gi + + . . . ) ^ 

= + (m + l)(Ai^) + ^)Kf'^^(^), (A.9) 

[G± =^^«^+iG±HW^W(^) = (A.IO) 

Although due to the presence of the fractional powers in the OPEs (]A.4p and ( lA.SP it is impossible to 
derive the commutation relations for these vertex operators, but it is possible to derive the generalized 
commutation relations in analogy with the modes of To do this consider the integral with p G Z 
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with the points z and inside the integration contour 



hnci.z 2vr« J 2m 

+00 

= Y.Cr''^'G%,.,^Vi^^^{z) = (forp = -1) 
1=0 ^ 



1=0 



On the other side this integral can be divided into the integral over the point z, which is evaluated via 
the OPE (lA.4p . and the integral around with z outside this contour 



incl z 



+ (f ^u'+^u-zy+^G^{u)V^''^^{z). (A.12) 



We make the further calculations for p = —1. The first integral on the right hand side can be easily 
evaluated using the OPE (1A.4I) 

(A.13) 

The second integral on the right hand side must be evaluated using the abelian braiding of G"^ and V^^^, 
which gives the factor e~ . 

^%-+|(^ _ zY+iG^iu)V^'^^iz) = e'<P^"^)e"-f (f —u'+^z - uY^W^'^^iz)G^iu) = 

Jexd z ^TT"^ 

_^y+i I ^u'-^^z - ur+Wi'^^{z)G^{u) = 

Jexd z ^'^'^ 



exd z Jexd z ^ 



Jexd z ^Vri 

+00 ^ 

{-ly+'J^Gl ^''~'^~'Va^^i^)Gr+l = (for p = -1) 
1=0 

Y,Cr^z-^-'^V^^H^)Gf^i- (A.14) 
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Summarizing flA.lip . (lA.lSp and flA.14p we are able to write the generalized commutation relations for 
p = -l 



1=0 ^ 



A- 

Z 3 

2 



where the descendant is given by the formula (1A.7p . 

Then with the opposite Za-charges 



Jincl z ^'^^ Jincl z 

(=0 ^ 

= 5^Cr^^^'Gf_^_,Kf^)^W. (A.16) 



On the other side this integral can be divided into the integral over the point z^ which is evaluated via 
the OPE flA.Sp . and the integral around with z outside this contour 

/ —u'^\[u - zY^-^G^(u)V^^^{z) = l—u^'+^u - zY+lG^{u)Vi''^^{z) + 
Jincl z 2vr« 2m 

+ (f —u'-+^u-zY+Ig^{u)V^'^^{z). (A.17) 



To evaluate the first term on the right hand side of (1A.17P we use the OPE (14. 3 p (we again set p = — 1) 



j^^u^^Hu-z)-hGHu)V!f^^{z) = j^^u^^'^ 



U 



{u — zY 



z'-'i (r + I] A^i^Wjf\z) + z'-+\ {]:dWi'\z) ± W^^\z) 



(A.18) 
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2i7r 
3 



The abelian braiding of the fields G^{u) and V^^''^{z) gives the factor e 

J exd z ^TTZ Jexcl z ^TT^ 

= (-1)^ / ^u''+-^{z-uy+-^V^'^^{z)G^{u) = 

Jexcl z 2vr2 

l_Q J exd z ■^'^'^ 



1=0 

+ 00 , 



J2cr^z-^-i^V^^^^{z)Gf^, (A.19) 



1=0 



After that summarizing ( ]A.16I) . ( 1A.18I) and ( 1A.19P we are able to write the generalized commutation 
relations 



+ 00 , ^ , 



z^^-l (r + A^:^Wi'\z) + z^'+i (^dWi'\z) ± Wi'\z)\ , (A.20) 



where the descendant Wa\z) is given by the formula flA.6p . 

Appendix B. Commutation relations in the D- module 

Let w!i''''^{z) be the vertex operators of the primary states in the D-module. To find the commutation 
relations we need the OPEs [25j of the fields Wa'^^'^{z) and their first conformal descendants Va^^^"^^ 

Aid) 

Tiu)Wi^^^iz) = , ° ,M ^^^iz) + dWi^^^iz) + ■■■ , (B.l) 



[u — zY ' ' u — z 



T{u)Vi'^^^\z) = ^^V^'^^^\z) + -^dV^'^^^\z) + ■ ■ ■ , (B.2) 



[u — zY ' ' u — z 



G^{u)Wi'^Hz) = -rWi'-^Hz) + ^ —TindWi'^^i^) + Wjf-^Hz) ]+■■■, (B.3) 

(u-z)3 (u-z)3 \3Ar J 



GHu)Wi'^^iz) =- {V^'^^^Hz) ± V;WW(^)) + ■ • ■ , (B.4) 

2[u — z) 3 



A ((i) _l_ _c_ I \±A=F 

[u — zY 

1 Ai"") + 3| + A±AT 



+ 



u-z \ 3A 



dWl^'^^iz) - (^A± - ^A^^ + ■ ■ ■ . (B.5) 
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aI^^ + ^ - A±AT 



12 

(u - z) 



1 / ^ aL"") + - A±A^ 



n — 5; 



aiyi'^^^l^) ± (^A± + ^A±^ j + ■ ■ ■ , (B.6) 



where the vertex operators Va'^^^'^\z) and wi'^^'^{z) correspond to the states 

3 3 
OAT 



(B.7) 
(B.8) 



Due to the fact that the OPEs (iRTj) . (|R2|) . (|R5|) and (|R6|) contain only inte ger powers oi u — z, 
we are able to write the commutation relations 



du 



u 



= z'^dW^f^iz) + (m + l)A^^^Wl^^^{z 



\[u — zy u — z / 

(B.9) 



27ii \(u — z 



2 a 



M — Z 



^-5^W(±)(^) + (r„ + 1) ( Ai'^) + - ) 



(B.IO) 



l^uMGHu)Vi^^^^.) ^^^^^ 
1 /AL""^ + ^ + A±A^ 



c/m / aL'') + ^ + A±At 



12 

- z) 



u — z 



3Ai^) 



- (^A± - -A±jiy^'^)±(;2)j + ■ ■ 



z Mr 



iAi') + ^ + A±AT 



3AL") 



(B.ll) 



I 2m 



2'7Ti I {u — zY 



1 / aL''^ + ^-a±at 



M — Z 



3AL^) 



± (a± + -A±jiy^'^)±(z)j + 



T^-i(r + lj (A('^) + ^-A^A^)iy('^)±( 



z) =F -2'"'^ 3 



lAi'^^ + ^-A^A^ 



3AL^ 



±Z^+3 



(B.12) 
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where the descendant w!^'^'^{z) is given by the formula (IB.Sp . 
Analogously to the case of the S'-module 



du 



ind z 2vrz 2m 



+ / ^.u'+Hu- zY^-^G^{u)Wi^'^^{z). (B.13) 

J exd z ■^^'^ 



The contours encircling the origin can be easily evaluated using the abelian braiding of G^{u) with 
Wi^'^^[z), which gives in this case the factor e" 



2iTT 

3 



du 



+00 



/ ^u^-^Hu-zr^'^G\u)Wi'^\z) = J2Gr'^'z^G%^^^^M''Hz), (B.14) 

+00 ^ 

u'^^u - zY+-iG^{u)Wi''^^{z) = ^C;''+^^z^'-^+^iyi'^)±(2)G^+;. (B.15) 



ind z 

du 

exd z 2vi"* 

The term with the contour encircling the point z is calculated using the OPE fIB.Sp in the D-module 
we again set p = — 1) 

du ^^1 

u^-i (u — z) 



27ri 



2A± 



dWi''^^(z) + Wi''^^(z)] + 



Z 3 



(r + ^"j k^W^^^^iz) + z'-+-^ (^^dWi^^^{z) + W^^^^{z 

(B.16) 

Then summarizing the derived equations f lB.14p . ( IB.ISP and (]B.16P we have 



Z 3 



(B.17) 



The same thing with the opposite signs of Zs-charge 



ind , 



du 
2^ 



u'^\{u - zY^-^G^{u)Wf^^{z) 



du 
2Td 



u'^-^iu - zY^lG^{u)Wj;f^^{z) + 



+ 



exd , 



du 
2Txi 



u'+^^{u - zY^lG^{u)Wi^^^{z). (B.18) 



The contours encircling the origin can be easily evaluated using the abelian braiding of G'^{u) with 
Wi^'^^iz), which gives in this case the factor e 3 

+00 

.Wf{z), (B.19) 



/ ^,u'^\{u - zY^-^G^{u)Wj{z) = 



exd z 



^u'+ku - zY^'^G^{u)Wj{z) 



+00 



r+p-l+i 



+1- 



(B.20) 
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The term with the contour encirchng the point z is calculated using the OPE flB.4p in the D-module 
(we again set p = — 1) 



[^.^'"-hu - zr'^GHu)W^^^z) = l^u^^'^ (^^^ {V^'^^\z) ± Vi'^^^^\z)) +... 



(B.21) 



After the above operations, summarizing f IB.lQp . flB.20p and flB.2ip . we are able to write the generalized 
commutation relations 



+00 

1=0 ^ 



z + z 



''^Wi'^^{z)Gf_,,) = \z'-+^ {V^'^^^\z) ± Vi'^^'\z)) , (B.22) 



where the descendants Va'^'^'^^\z) is given by the formula flB.7p . 



Appendix C. Gram/Shapovalov matrix and matrix elements 

at the level 7/4 

The Gram/Shapovalov matrix at the level 1 



4 / c-8 
SV 6 V 24 



-2(A(f) + ^ 



sV 6 V 24 ^ 



(d) 



2 Ad) , 5c 
3"^" -I- 9 



2J^a/^-A, 



id) 



24 



-2 (aL'^) + 



6 V 24 



{d) 



2 ( aL^) + 



-I- 12 



2./^A/^-A(f) _2(a('^) + ^) 2 (a 



3 



6 V 24 ^ 



The corresponding matrix elements 



(mi;0|iy«,(l)|l),/, 
(mi;0|H^«,(l)|2),/, 

(mi; 0|H^„, (1)1 3)^/4 

(mi;0|iy«,(l)|4),/, 
7/4(l|Vr„,(2;)|m2;0) = 

y,{3\Wa,iz)\m2;0) = 

7/4(411^^2(^)1^2; 0) = 



((r^{+)a I (p(-)a \ 

(f{+)a _ (p(-)a \ 
V mijQi mi, 01/ 



aC^) _ aW _ A W _ 1 

'-^mi ai '-^a g 

A W _ A W _ A W _ ^ 

mi Qi Q 2 



2 ( Aq, + ^2 



2(Ai'^) + | 



c-8 . /_C A 

24 ^ 



id) 



-2(A(n|) (Ai^) + - 



(C.l) 
(C.2) 



V ('(p{+)a _ (P(-)a 
^ V mi, 01 ^mi,oiy 



3 ^"2 



aW I ^ + A(s) _ A ^AL-^' + f-AL^'-A*;:^ ('(p(+)'n2 _ (p(-)m2\ 

a 2 "2 m2 J V a,a2 ^0,02 / ' 



24 



Appendix D. Gram/Shapovalov matrix and matrix elements 

at the level 2 

The corresponding Gram/Shapovalov matrix is 



/ fAL") (aL^' + i) (2Ai=' + J + l) + (aL=')' -IaL^' (aL'-'+i) (2Ai='+J-2) + (aL^')' 2aL=) ( 



2A^: 



f aL'' (a(.= '+i) (2AL=" + f -2) + (aW)' §a(.= ' (aL^'+i) (2aL=' + S + i) + (a^)' -fAL"' (2AL='+f-2) 



§aW (2A(.= ' + f + 1) -f aL=> (2AL=> + t-2) Ak^ (5a(,= '+5c+2) 

-§a(,= ' (2AL=' + f-2) §Ai=' (2AL='+f + l) _^(Ak='+c-8) 

V 3A<f> 3aL=> |Ai=' 





' (2a(.= )+4-2) 


3A<f' 




(2AL'' + t + l) 


3A<f> 


Ak 
9 


- (aL=)+c-8) 




9 


(^5aJj°'+5c+2) 
3 






4(aW + 

(D.l) 



The matrix elements have the corresponding form 

K; 1), =^ (aW - A(;) - AW) (AW - A(;) - AW - 1) X (D.2) 

+ (aS-aS-a(;)-i) xc;^^,,^, 

2), =\ (AS - A£) - AW) (aS - A£) - A^ - l) x C^,^^^- 



2 

- fA(") - A(") - A(') - 1) X 

V mi ai a J m 



mi ,ai ' 



(mi; = - - (AS - AS - A^) x C^,^^^^ - C^,^^^, 

(mi; = - ^ (AS - AS - AS) x C^.^, - C^,,^,, 

(mi; = (2AS + AS - AS) x C^, 



mi ,ai ' 



2{l\W^,{z)\m,; 0) =^A<»'-A«-A(;:) +2 Q (^(s) ^ ^ ^ _ ^wj (^(s) ^ _ ^(s) ) ^ C^^- 

-(AS + 1 + AS-AS) xC^^J, 

+ (aS + i + aS-aS) xc-^^), 

,(3|iy„,(.)|m2; 0) =;,A(^^-Ai1-A(4+2 Q (^(s) ^ ^(.) _ ^(s)) ^ ^^2^ _ ^m.^^^ ^ 

2(5|iy,,(z)|m2; 0) =^A<='-A<;'~A(t^+2 (2aS + AS - AS) x C^r 
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